Introduction
By a wave beam, we mean a special solution, localized in space near a straight line 1 and propagating along that line, of the wave equation or some generalization or approximations of it (e.g., taking dispersion into account). (We here restrict ourself to the space R 3 x x = (x 1 , x 2 , x 3 ) and assume that the abovementioned line is the x 3 axis.) There is a vast literature, both mathematical and physical, dealing with solutions of this kind (e.g., see [1] , [2] ), and the corresponding terminology has been developed. For example, if the solution, up to inessential factors, has the form u = F (x ⊥ /h, x 3 ), where x ⊥ = (x 1 , x 2 ) and h is a small parameter characterizing the decay (or oscillation) rate of the solution, then we speak of Bessel or Gauss beams 2 if the form factor F ( · , x 3 ) for a fixed x 3 is respectively given by the Bessel function J 0 or the Gaussian exponential. The behavior of a wave beam solution along the x 3 axis can vary. In the simplest case, it is described by the plane wave factor e ik(x3−ct) (harmonically depending on time). In a more complicated case, it can be given by some wave packet described, for example, by the Airy function, and the corresponding wave beams are then called Airy-Bessel beams, Airy-Gauss beams, etc., depending on the behavior of the form factor along the normal to the x 3 axis. We explain the role of asymptotic constructions in the theory of wave beams. Exact solutions, including those of wave-beam type, can be obtained for equations with constant coefficients, for example, for the wave equation
with a constant velocity, by separation of variables, Fourier transform with respect to x, partial Fourier transform, etc. But these solutions, except in very special cases, are given by rather complicated parametric integrals, which are difficult to analyze without asymptotic methods. It hence often happens that the best strategy is to seek an asymptotic rather than exact solution from the very beginning or even replace the original equation with some asymptotic approximation to it. One such approximation is the paraxial approximation [1], which can be used to describe numerous interesting optical phenomena based on wave beam propagation. To obtain the paraxial approximation, we seek a solution of Eq. (1) or its analogues taking dispersion into account (see Sec. 5) in the form of the product of a rapidly oscillating plane wave e
